ABSTRACT A novel simulation technique is proposed for the radiation properties of time-varying media. This method divides the time-variation process into finite discrete time steps. The radiation field of the media at each instant in time is simulated by using commercially available frequency-domain solvers, and then these results are processed and synthesized to obtain the radiation field of the time-varying media. In other words, by using this technique, the radiation field of the time-varying media can be obtained based on the frequency-domain simulation results. The proposed technique is introduced with a time-varying grating, and the scattered wave and radiation pattern are illustrated. Moreover, an analytical model of the time-varying grating is also introduced to further explore the proposed technique. This simulation technique can be used to analyze many applications such as the radiation properties of time-modulated media, especially spacetime-modulated metamaterials. It fills the gap of existing simulation methods and provides a new way for direct EM simulation of time-varying structures.
I. INTRODUCTION
Time modulation has gathered a lot of attention recently since it provides one more dimension to the design of circuits and antennas. Especially, it may greatly extend capabilities for wave manipulation, such as the transmitted and reflected waves by metamaterials and other media. Metamaterials are artificial materials based on suitably designed arrays of complex inclusions with a strong wave-matter interaction in a range of frequencies [1] - [3] . Introducing time variance into metamaterials opens up new capabilities for novel properties [4] , [5] . The emerging field of space-time modulated metamaterials is of interest due to their potential for nonreciprocity [6] - [9] . This characteristic can be used in many applications, such as nonreciprocal antennas [10] - [12] , circulators [13] - [15] , isolators [16] , and time-varying transmission-lines [17] , [18] .
Time-varying media can be analyzed by the methods borrowed and extended from special and general relativity,
The associate editor coordinating the review of this article and approving it for publication was Huapeng Zhao. such as Minkowski spacetime and Lorentz transformations [4] . For example, the sub/super-luminal space-time slabs are described in the Minkowski diagram [19] - [21] . However, these methods are typically only used to theoretically analyze ideal models.
In [22] , a relativistic finite-difference time-domain (FDTD) method is proposed to analyze uniformly moving object, which transforms the size of the object and the incident wave between the laboratory frame and the new frame moving with the object by using Lorentz transformation. However, it is not applicable to time-modulated media. By introducing the generalized sheet transition conditions (GSTCs), FDTD technique is able to analyze spacetime modulated metasurfaces [23] - [25] . In [23] , exploiting the periodicity of the surface susceptibilities in both time and space, the Floquet mode expansion method has been used to rigorously compute the scattered fields from the metasurface, by solving generalized sheet transition conditions in combination with Lorentzian surface susceptibilities. In [24] , a finite-difference time-domain modeling of finite size zero thickness space-time-modulated Huygens' In this paper, a novel simulation technique is proposed to analyze time-varying media without simplifying the media to ideal parameters. Usually, due to the time-variation characteristic of the media, commercially available solvers are hard to directly simulate the radiation properties of the media. Thus in the proposed method, the time-variation process of the media is divided into finite discrete time steps. The radiation field of the time-varying media at each instant in time is simulated by using simulation tools, such as HFSS and CST. Subsequently, the simulation results are appropriately processed and combined to obtain the radiation field of the time-varying media. In other words, this work proposes a new way to simulate time-varying media placed in arbitrary scattering environments based on frequency-domain solutions. By using this method, we can take advantage of the well-developed and widely-available commercial frequencydomain simulation tools to solve the time-varying problem of actual models. It fills the gap of existing simulation methods and provides a new way for direct EM simulation of time-varying structures. Session II introduces the proposed numerical method with a time-varying grating, including the analysis of the scattered wave and radiation pattern. Session III proposes an analytical method for the time-varying grating, and compares the analytical result with the numerical one. Finally, Section IV summarizes the conclusion of the paper.
II. SIMULATION TECHNIQUE FOR TIME-VARYING MEDIA A. NUMERICAL METHOD
A time-varying grating, as shown in Fig. 1 , is analyzed as an example to concisely introduce the proposed method, which is a simplified model of space-time modulated metasurfaces. The grating consists of periodic strips in the XY plane with gap g. Each strip is constructed by placing the perfect conductor with the width w and length l on the substrate of Rogers 4350 with the thickness of 3 mm, dielectric constant of 3.66 and loss tangent of 0.004. The strips are arranged along the x direction at z = 0. They moves along x direction with the velocity v within the periodic boundary, which constructs the time-varying grating. In the example, the gap g, width w and length l are 20 mm, 10 mm and 100 mm, respectively. The grating is illuminated by an incident plane wave with an incident angle θ in at 10 GHz.
Firstly, when v = 0, the scattered wave of the timeinvariant grating can be simulated by using HFSS. The frequency-domain result under the incident wave with initial phase 0 • can be considered as the scattered wave at t = 0. In this case, the change of initial phase φ is equivalent to time variation with the relationship
where T is a time period of the incident wave. In this case, the increasing initial phase φ corresponds to the incident wave varying with time t. Moreover, the incident wave impinges on the grating, and creates currents, which then radiate. In other words, the grating keeps radiating electromagnetic waves as time t goes by. Thus the time-domain wave can be obtained by recording the E-field varying with t. Secondly, when the strips of the grating moves with the velocity v, simulating the time modulation, the scattered wave cannot be directly simulated by the existing frequency-domain simulation tools. It should be noted that the ''movement'' of the strips within the periodic boundary emulates the media with time-varying conductivity. It is a simplified model to clearly show the proposed method. In order to analyze the time-modulated grating, the timevarying process of the grating is divided into finite discrete time steps. The schematic diagram of the time-varying process of the grating is depicted in Fig. 2 . At each time step, the strips of the grating move to a new position within the periodic boundary.
The exact procedure of the proposed method to analyze time-modulated media is presented as follows:
1. Divide the time modulation process (at least one modulation period) into discrete time steps with finite instants (t 0 , t 1 . . . t n . . . t m ). 2. Identify the state of the media at each instant t n . In the example of the time-varying grating, the strips of which move within the periodic boundary, the displacement d n follows
where T in is a time period of the incident wave, and the varying φ n is the initial phase of the incident wave which simulates the change in time t n . v is the velocity of the strips in the grating which simulates the time modulation. The modulation frequency
) is the length of one unit of the time-varying grating. 3. Simulate the scattered field of the time-varying media at each instant t n by using frequency-domain solvers. 4. Set an observation circle around the grating in the scattered field region to extract the electric field strength varying with time t n for different scattering angles θ s . 5. For each scattering angle θ s , combine the electric field strength varying with time t n , which relate to the states of the time-varying medium at the corresponding time instants. Numerical computing tools, such as Matlab, can be used to construct the discrete time-domain waveform 6. Calculate the radiation pattern by
where E θ s ,t is the time-domain scattered electric field strength along the scattering angle θ s . E θ s is the average electric field strength along the scattering angle θ s . It is calculated by adding up the magnitude of the electric fields E θ s ,t at different instants t n and then being divided by (m+1) to calculate the average electric field for each scattering angle θ s . For example, when θ in = 0 • , the scattered waves of the grating along the scattering angle θ s of 70 • at different instants t n is shown in Fig. 3 . As seen, the scattered wave of the grating with v = c/3 travels faster than that with v = 0, which means that the electric field varies faster. c is the speed of light. Subsequently, following step 4, the electric field strength varying with time t n is extracted at the observation position r ob (e.g. 5λ). Then the time-domain wave can be constructed by using Matlab according to step 5, as shown in Fig. 4 . The red solid curve represents the scattered wave of the grating with v = c/3 while the blue dash curve shows that with v = 0. As observed, the frequency of the scattered wave of the time-varying grating is increased, which is consistent with the Doppler Effect.
When the velocity increases, the compression of the electric field is enhanced. Fig. 5 (a) shows the scattered wave of the grating with different velocities. As the velocity increases, the frequency of the scattered wave becomes higher. Moreover, the scattered waves obtained by the proposed method with different time step sizes is also depicted in Fig. 6 . As seen, the scattered wave with the time step of T in /30 is similar to that with T in /60. Since the smaller the time step size, the greater the computational cost, T in /30 is chosen in this example. It is worth noting that the time step size has less effect on the accuracy of the proposed method than that of the FDTD method which uses the iterative algorithm resulting in accumulating errors.
By following step 6, the radiation pattern of the timevarying grating under illumination by a normally incident wave is obtained, as shown in Fig. 7 . Its main time-domain scattered waves in the transmission region are depicted in Fig. 8 . As seen, the radiation pattern remains unchanged although the grating moves. However, the Doppler Effect occurs in the scattered wave except for components corresponding to the transmitted wave and the specular reflection (zeroth order component). To be specific, in the positive direction of the grating movement, the frequency of the grating becomes higher as the velocity v increases, as shown in Fig. 8 (b) . Meanwhile, the frequency becomes lower in the opposite direction of the grating movement, as shown in Fig. 8 (d) . Besides, the radiation field of the time-varying grating under incident plane wave with an oblique angle can also be easily obtained by using this simulation technique. Fig. 9 shows the normalized radiation pattern of the stationary grating with w = λ/3, g = 2×λ/3 under the incident plane wave with an angle of 45 • . In addition to the reflected and transmitted waves, there are two large scattered waves. Note that they can be suppressed by decreasing the gap g from 2×w to w/2, which is λ/6. Fig. 10 shows the normalized radiation pattern of the grating (g = 2×λ/3) with the velocity of v = 0 and v = c/3. As observed, the radiation pattern remains unchanged although the grating moves. Fig. 11 illustrates the four main scattered waves of the grating. In comparison to the stationary grating, the time-varying grating has the same reflected and transmitted waves, but its scattered waves in other directions exhibit the Doppler shift. Fig. 12 shows the Doppler shift of the time-varying grating as the strips move towards different directions. When the strips in the grating move towards the +x direction, the frequency of the scattered waves between the transmitted and reflected waves increases. Meanwhile, the frequency of the scattered waves in the other directions decreases. On the contrary, as the strips in the grating move towards the -x direction, the Doppler shift performance is reversed. The transmission and reflection directions, rather than the ±x directions, are the boundary of the Doppler shift.
As analyzed above, the proposed method can be used to perform time-domain analysis based on the results simulated with frequency-domain solvers. It is worth noting that the proposed method focuses on synthesizing the radiation field of the time-varying media at discrete time steps. Thus no matter what the structure of the investigated medium is, as long as it can be modeled in the common simulation tools and its state at each time steps can be identified, the radiation fields at discrete time steps can be obtained and the time-varying problem can be solved by the proposed method. Therefore, the proposed method can be applied to many applications that are impossible or difficult to be directly simulated by the existing simulation tools, such as the radiation properties of a time-modulated medium.
B. COMPARISON
In order to verify the proposed method, a comparison between the numerical result and the scattered field in [24] is made in Table I . Since both methods are proposed to analyze the scattered waves resulting from wave-matter interaction between the input wave and the time-varying medium, the variation from incident wave to scattered wave of the time-varying medium in this work is compared with that in [24] . In [24] , a space-time-modulated metasurface is under normally incident pulsed plane wave, resulting in generation of several frequency harmonics (ω 0 + ω p , ω 0 , ω 0 -ω p , etc.), refracted along different angles. ω p is the pumping frequency. In this work, the main time-domain scattered waves in the transmission region of the time-varying grating has been shown in Fig. 8 . As seen, the frequencies of the main scattered waves in the transmission region are about 13.33 GHz (40/3 ≈ 13.33 GHz, up-converted component), 10 GHz and 6.67 GHz (20/3 ≈ 6.67 GHz, down-converted component), respectively, while that of the incident wave is 10 GHz. Since the modulation period of the time-varying grating T p = (w + g)/v = λ/(c/3) = 3/f 0 , where f 0 is the frequency of the incident plane wave, the modulation/pumping frequency f p = f 0 /3 = 10/3 GHz ≈ 3.33 GHz. Therefore, the main spectral components generated by the complex interaction between the incident wave and time-varying grating are f p + f 0 , f 0 , f p − f 0 , respectively, which agree well with the results in [24] . Note that since the proposed method is based on a frequencydomain solver, like other frequency-domain algorithms, it is less efficient than the time-domain method for multiple frequency input.
III. ANALYTICAL MODEL FOR TIME-VARYING GRATING
An analytical method is introduced to further explore the proposed method by using closed-form equations. The time-varying grating is uniform along the y direction and periodic along the x direction. Therefore, for simplification, only the plane y = 0 is considered in the following analysis.
A. ANALYSIS OF THE STATIONARY GRATING
The simplified model of the stationary grating is shown in Fig. 13 . When the linearly polarized plane wave is incident on the conductive strips, electric current is induced which generates the scattered electric field. Thus, each strip can be considered as the combination of electric short dipoles with phase difference. Let I 0 be the amplitude of the electric current induced on a conducting strip for a given incident wave. The scattered E-field of the electric short dipole dx in the far field can be expressed as [26] 
where θ is the scattering angle. η is the characteristic impedance of free space. λ, ω and k are the wavelength, angular frequency and wave number of the incident plane wave. r is the propagation distance of the scattered wave. Moreover, considering the electric short dipole at x = 0 as reference, the phase difference of the one at position x is
as shown in Fig. 13(a) . θ in is the incident angle. Therefore, by adding up the scattered E-fields of all the electric short dipoles in one conductive strip, the corresponding scattering 
E-field is
as depicted in Fig. 13 (b) . Consequently, the scattering E-field of the whole grating at t = t 0 can be calculated as
where
So far, the scattered field of the stationary grating at the instant t is calculated. The radiation pattern can be obtained by normalizing E θ,S with time variation at each radiated angle, which is
B. SCATTERED E-FIELD OF THE TIME-VARYING GRATING
In the time-varying grating, the conducting strips move along x direction. Thus the spatial phase of the electric short dipoles changes with time t. To be specific, as time goes by, both the time and space components of the phase of the electric short dipoles vary. As shown in Fig. 14 , the phase difference of the electric short dipole at the relative position x in a conductive strip now becomes
FIGURE 15. Radiation patterns of the time-varying grating in Fig. 1 (numerical technique) and its ideal analytical model in Fig. 14 , normalized by the maximum scattered E -field of the analytical solution
In this case, the scattered E-field of the moving electric short dipoles in one conductive strip at the instant t m is expressed as (10),
where [r − (x + v × t m ) sin θ ] is the propagation distance R of the scattered wave of the electric short dipole at the position x and scattering angle θ as depicted in Fig. 14 (b) . Likewise, the scattered E-field of the whole time-varying grating can be calculated and the radiation pattern is obtained by following (11) . Fig. 15 shows the radiation patterns of the time-varying grating, which are respectively obtained by the proposed numerical technique and analytical model. Since the analytical model is an ideal model of current distribution without considering the substrate below the perfect conductor and the loss of the model, its radiation field is symmetric with respect to X-axis which has slight difference with the numerical result. The four main scattered wave of the analytical model with and without time modulation are illustrated in Fig. 16 . The analytical solution of the variation of the scattered waves with or without time modulation is tabulated and compared with the numerical results in Table II . As observed, in both the numerical and analytical methods, the transmitted and reflected waves remain unchanged whether the grating is modulated or not. Meanwhile, for the other two main 
IV. CONCLUSION
This paper has presented a novel simulation technique to analyze the radiation properties of time-varying media. Since the analysis is based on frequency-domain results from the commercial simulation tools, it can be used to deal with time-varying media with complex structure rather than ideal models. In addition, an analytical model of a time-varying grating has been introduced to further explore the proposed method. Comparison with the existing publication has been made to verify the proposed simulation technique. Interestingly, the proposed simulation technique allows one to easily study finite-size space-time metamaterials, and hence to design active metamaterials with well-controlled scattering property. 
